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Several Classes of Permutation Trinomials over F5n From
Niho Exponents
Gaofei Wu ∗, Nian Li †
Abstract
The construction of permutation trinomials over finite fields attracts people’s interest recently
due to their simple form and some additional properties. Motivated by some results on the con-
struction of permutation trinomials with Niho exponents, by constructing some new fractional
polynomials that permute the set of the (q + 1)-th roots of unity in Fq2 , we present several classes
of permutation trinomials with Niho exponents over Fq2 , where q = 5
k.
Index Terms Finite fields, Permutation polynomials, Trinomials, Niho exponents.
1 Introduction
Let p be a prime and n be a positive integer. Let Fq be a finite field of q = p
n elements. We denote
F
∗
q the multiplication group of Fq. A polynomial f ∈ Fq[x] is called a permutation polynomial if the
associated polynomial mapping f : c 7→ f(c) from Fq to itself is a permutation of Fq [15]. Permutation
polynomials over finite fields have important applications in cryptography [3, 18], coding theory [9],
and combinatorial design theory [2]. Thus, it is important to find new permutation polynomials, both
theoretically and in practice.
Permutation polynomials with few terms especially binomials and trinomials attracts people’s inter-
est recently due to their simple algebraic form and additional extraordinary properties. Recently, there
are lots of constructions of permutation trinomials over finte fields, please refer to [1, 5, 6, 7, 8, 10, 11,
12, 13, 14, 19, 22].
In this paper, we focus on the construction of permutation trinomials over F5n from Niho exponents
with the form of
f(x) = x+ λ1x
c1(5
k−1)+1 + λ2xc2(5
k−1)+1, (1)
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where n = 2k, 1 ≤ s, t ≤ 5k, and λ1, λ2 ∈ {1,−1}. A positive integer d (always understood modulo
pn − 1) is a Niho exponent if d ≡ pj (mod pn2 − 1) for some j < n [16]. By finding some new classes
of fractional polynomials that permute the set of the (5k + 1)-th roots of unity in F52k , we construct
several classes of permutation trinomials of the form (1) over F52k .
The remainder of this paper is organized as follows. Section 2 introduces some notations and
background. In Section 3, we present some classes of permutation trinomials over F5n by finding some
fractional polynomials that permute the set of the (5k + 1)-th roots of unity in F52k . Some concluding
remarks are given in Section 4.
2 Preliminaries
Let p be prime, n, k be two integers such that k | n. The trace function from Fpn onto Fpk is defined
by
Trnk (x) =
n/k−1∑
i=0
xp
ik
, x ∈ Fpn .
Lemma 1 Denote by Tr(x) and N(x) the trace function and norm function from Fq2 to Fq, where
q = 5k. Then
Tr(x2) = Tr2(x) − 2N(x), Tr(x3) = Tr3(x) + 2N(x)Tr(x),
Tr(x4) = Tr4(x) + N(x)Tr2(x) + 2N2(x),
Tr(x8) = Tr8(x) + 2N(x)Tr6(x) −N3(x)Tr2(x) + 2N4(x),
and
Tr(x9) = Tr9(x) + N(x)Tr7(x) + 4N4(x)Tr(x) + 2N2(x)Tr5(x).
Lemma 1 can be proved by direct computation and the proof is omitted here.
The following lemma, which gives a powerful criterion of the polynomials of the form xlg(x
pn−1
s ) to
be permutation polynomials, will be used to prove our main results.
Lemma 2 [17, 20] Let p be a prime. Let l, n and s be positive integers such that s | (pn − 1). Let
g(x) ∈ Fpn [x]. Then f(x) = xlg(x p
n
−1
s ) is a permutation polynomial over Fpn if and only if
1) gcd(l, p
n−1
s ) = 1, and
2) xlg(x)
pn−1
s permutes µs,
where µs is the set of s-th roots of unity in Fpn .
2
3 New classes of permutation trinomials with Niho exponents
In this section, we present several classes of fractional polynomials that permute the set of the (q+1)-th
roots of unity in Fq2 , then by Lemma 2, we construct several classes of permutation trinomials of the
form (1).
For simplicity, throughout this section, we denote Ω+ = {x2 | x ∈ µq+1} and Ω− = {−x2 | x ∈ µq+1}.
Lemma 3 Let q = 5k, where k is a positive integer. Let g1(x) = −x q+12 (xs−2xs+2 )2, where s = q+34 . Then
g1(x) permutes µq+1.
Proof: Note that x
q+1
2 = ±1. In the following we show that if x q+12 = 1, i.e., x ∈ Ω+, then
−x q+12 (xs−2xs+2 )2 = −(x
s−2
xs+2 )
2 permutes Ω+. Similarly, if x
q+1
2 = −1, then −x q+12 (xs−2xs+2 )2 = (x
s−2
xs+2 )
2
permutes Ω−. Then the conclusion follows from Ω+
⋃
Ω− = µq+1 and Ω+
⋂
Ω− = ∅.
By x
q+1
2 = 1, i.e., x ∈ Ω+, we have
(−(x
s − 2
xs + 2
)2)
q+1
2 = −(x
s − 2
xs + 2
)q+1 = −(x
−s − 2
x−s + 2
)(
xs − 2
xs + 2
) = −(2 + x
s
2− xs )(
xs − 2
xs + 2
) = 1,
which shows that if x ∈ Ω+, then −(xs−2xs+2 )2 ∈ Ω+. Suppose that there exist two different elements
x1 = y
2
1 , x2 = y
2
2 ∈ Ω+ such that −(x
s
1−2
xs1+2
)2 = −(xs2−2xs2+2 )
2. Then
xs1−2
xs1+2
= ±xs2−2xs2+2 .
1) If
xs1−2
xs1+2
=
xs2−2
xs2+2
, then 1 + 1xs1+2
= 1 + 1xs2+2
, i.e., xs1 = x
s
2. Since x
s
1 = y
2s
1 = y
q+1
2 +1
1 and
xs2 = y
2s
2 = y
q+1
2 +1
2 , we have y1 = ±y2 due to y
q+1
2
1 = ±1 and y
q+1
2 +1
2 = ±1. Therefore, x1 = x2.
2) If
xs1−2
xs1+2
= −xs2−2xs2+2 , then 2 +
1
2+xs1
+ 12+xs2
= 0, i.e.,
2(2 + xs1)(2 + x
s
2) + 2 + x
s
1 + 2 + x
s
2 = 0. (2)
By (2), we get xs1x
s
2 = −1. Note that xs1 = y2s1 = y
q+1
2 +1
1 = ±y1 and xs2 = y2s2 = y
q+1
2 +1
2 = ±y2,
we obtain y1y2 = ±1, thus x1x2 = y21y22 = 1, a contradiction with (x1x2)s = −1.
Based on the above analysis, −(xs−2xs+2 )2 permutes Ω+. 
Theorem 1 Let q = 5k, s = q+34 , and t = 2s =
q+3
2 . Then x+ x
s(q−1)+1 − xt(q−1)+1 permutes Fq2 .
Proof: According to Lemma 2, it is sufficient to show that x(1 + xs − xt)q−1 permutes µq+1. First we
prove that 1 + xs − xt 6= 0 for any x ∈ µq+1. Otherwise, 1 + xs − xt = −(xs + 2)2 = 0, i.e., xs = −2.
However, (xs)q+1 = (−2)q+1 = −1, a contradiction with x ∈ µq+1.
3
Now suppose that 1 + xs − xt 6= 0 for any x ∈ µq+1. Thus,
x(1 + xs − xt)q−1 = x(1 + x
s − x2s)q
1 + xs − x2s =
x(1 + x−s − x−2s)
1 + xs − x2s
= −x1−2s(x
s − 2
xs + 2
)2 = −x− q+12 (x
s − 2
xs + 2
)2.
Then the conclusion follows from Lemma 3 and x−
q+1
2 = x
q+1
2 . 
Corollary 1 Let q = 5k. Then f(x) = xq+x(
3
4 (q−1)+2)(q−1)+1−x q+12 (q−1)+1 is a permutation trinomial
over Fq2 .
Proof: According to Lemma 2, it is sufficient to prove that g2(x) = x(x+x
3
4 (q−1)+2−x q+12 )q−1 permutes
µq+1. Note that x
− q+12 = x
q+1
2 , we have
g2(x) = x(x+ x
3
4 (q−1)+2 − x q+12 )q−1 = xx
−1 + x−
3
4 (q−1)−2 − x− q+12
x+ x
3
4 (q−1)+2 − x q+12
=
1 + xq+1 · x− 34 (q−1)−1 − xq+1 · x− q−12
x+ x
3
4 (q−1)+2 − x q+12
=
1 + x
1
4 (q−1)+1 − x q+12 +1
x+ x
3
4 (q−1)+2 − x q+12
=
(1 + x
1
4 (q−1)+1 − x q+12 +1) · x q+12
(x+ x
3
4 (q−1)+2 − x q+12 ) · x q+12
= −x
q+1
2 (x
q+3
4 + 2)2
(x
q+3
4 − 2)2
= −x
− q+12 (x
q+3
4 + 2)2
(x
q+3
4 − 2)2
=
1
g1(x)
.
Then the conclusion follows from Lemma 3. 
Lemma 4 Let q = 5k, where k is odd. Let f(x) = −x(x−2x+2 )2 and g(x) = −x(x+2x−2 )2. Then f(x)
permutes Ω+, g(x) permutes Ω−.
Proof: We will show that f(x) permutes Ω+. Then g(x) permutes Ω− can be proved in a similar way.
Obviously, if x ∈ Ω+, then (−x(x−2x+2 )2)
q+1
2 = −(x−2x+2 )q+1 = −(x−2x+2 )q · x−2x+2 = −x
−1−2
x−1+2 · x−2x+2 = 1, which
shows that −x(x−2x+2 )2 ∈ Ω+, i.e., {−x(x−2x+2 )2 | x ∈ Ω+} ⊆ Ω+. Suppose that there exist two different
elements x1 = y
2
1 , x2 = y
2
2 ∈ Ω+ such that −x1(x1−2x1+2 )2 = −x2(x2−2x2+2 )2. Then y1(
y21−2
y21+2
) = ±y2(y
2
2−2
y22+2
).
Let y2 = uy1 for some u ∈ µq+1.
1) If y1(
y21−2
y21+2
) = y2(
y22−2
y22+2
), then (−y51 − 2y31)u3 + (y51 − 2y31)u2 + (2y31 − y1)u + 2y31 + y1 = 0, i.e.,
−y1(u− 1)((y41 + 2y21)u2 − y21u+ 2y21 + 1) = 0.
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Since y1 6= 0, then u = 1 or (y41 + 2y21)u2 − y21u+ 2y21 +1 = 0. Suppose that (y41 + 2y21)u2 − y21u+
2y21 + 1 = 0. Notice that the discriminant of (y
4
1 + 2y
2
1)u
2 − y21u + 2y21 + 1 is ∆ = 2y21(y21 − 1)2,
then
u =
y21 ±
√
2y1(y
2
1 − 1)
2y21(y
2
1 + 2)
.
Since q = 5k and k is odd, we have (
√
2)q−1 = 2
q−1
2 = (−1) 5
k
−1
5−1 = −1. Thus √2q = −√2. By
uq+1 = (
y21±
√
2y1(y
2
1−1)
2y21(y
2
1+2)
)q+1 = 1, we have
(
y21 ±
√
2y1(y
2
1 − 1)
2y21(y
2
1 + 2)
)q+1 = (
y21 ±
√
2y1(y
2
1 − 1)
2y21(y
2
1 + 2)
)q(
y21 ±
√
2y1(y
2
1 − 1)
2y21(y
2
1 + 2)
)
= (
y−21 ∓
√
2y−11 (y
−2
1 − 1)
2y−21 (y
−2
1 + 2)
)(
y21 ±
√
2y1(y
2
1 − 1)
2y21(y
2
1 + 2)
) = 1,
then it follows that
(y21 − 1)2 = ±2
√
2y1(y
2
1 − 1). (3)
If y21 = 1, then u =
y21±
√
2y1(y
2
1−1)
2y21(y
2
1+2)
= 1. Otherwise, take the 2-th power on both sides of (3), we
have y41 = −1, i.e., x1 = y21 = ±2, which is a contradiction since ±2 /∈ µq+1. As a result, u = 1,
i.e., x1 = x2.
2) If y1(
y21−2
y21+2
) = −y2(y
2
2−2
y22+2
), then (y51 + 2y
3
1)u
3 + (y51 + 3y
3
1)u
2 + (y1 + 3y
3
1)u + 2y
3
1 + y1 = 0, i.e.,
y1(u+ 1)((y
4
1 + 2y
2
1)u
2 + y21u+ 2y
2
1 + 1) = 0.
Since y1 6= 0, then u = −1 or (y41 +2y21)u2+ y21u+2y21 +1 = 0. Suppose that (y41 +2y21)u2+ y21u+
2y21 + 1 = 0. Notice that the discriminant of (y
4
1 + 2y
2
1)u
2 + y21u + 2y
2
1 + 1 is ∆ = 2y
2
1(y
2
1 − 1)2,
then
u =
−y21 ±
√
2y1(y
2
1 − 1)
2y21(y
2
1 + 2)
.
Similar as in Case 1), we have
(y21 − 1)2 = ∓2
√
2y1(y
2
1 − 1).
If y21 = 1, then u = −1. Otherwise, take the 2-th power on both sides of y21 − 1 = ∓2
√
2y1, we
have y41 = −1, i.e., x1 = y21 = ±2, which is a contradiction since ±2 /∈ µq+1. As a result, u = −1,
i.e., y1 = −y2 and x1 = x2.
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Based on the above analysis, we conclude that −x(x−2x+2 )2 permutes Ω+. 
Theorem 2 Let q = 5k, where k is odd. Let s = q−12 and t =
q+3
2 . Then x + x
s(q−1)+1 − xt(q−1)+1
permutes Fq2 .
Proof: According to Lemma 2, it is sufficient to prove that g3(x) = x(1 + x
q−1
2 − x q+32 )q−1 permutes
µq+1. If 1 + x
q−1
2 − x q+32 = 0 for some x ∈ µq+1, then x+ x q+12 − x · x q+32 = 0. By x q+12 = ±1, we have
x + x
q+1
2 − x · x q+32 = x ± 1 ∓ x2 = 0, which means that x = ∓2, a contradiction with x ∈ µq+1 since
±2 /∈ µq+1. Thus, 1 + x q−12 − x q+32 6= 0 for any x ∈ µq+1. Then we have
g3(x) = x(1 + x
q−1
2 − x q+32 )q−1 = x(1 + x
q−1
2 − x q+32 )q
1 + x
q−1
2 − x q+32
=
x(1 + x−
q−1
2 − x− q+32 )
1 + x
q−1
2 − x q+32
=
x2(x−1 + x−
q+1
2 − x−2x− q+12 )
1 + x−1x
q+1
2 − x · x q+12
.
If x ∈ Ω+, i.e., x q+12 = 1, then g3(x) = x(1 + x q−12 − x q+32 )q−1 = x
2(x−1+x−
q+1
2 −x−2x−
q+1
2 )
1+x−1x
q+1
2 −x·x
q+1
2
=
x2(x−1+1−x−2)
1+x−1−x = −x(x−2x+2 )2. By Lemma 4, g3(x) permutes Ω+.
If x ∈ Ω−, i.e., x q+12 = −1, then g3(x) = x(1 + x q−12 − x q+32 )q−1 = x
2(x−1+x−
q+1
2 −x−2x−
q+1
2 )
1+x−1x
q+1
2 −x·x
q+1
2
=
x2(x−1−1+x−2)
1−x−1+x = −x(x+2x−2 )2. Again by Lemma 4, g3(x) permutes Ω−. Then by Ω+
⋃
Ω− = µq+1 and
Ω+
⋂
Ω− = ∅, we have g3(x) = x(1 + x q−12 − x q+32 )q−1 permutes µq+1. This completes the proof. 
Corollary 2 Let q = 5k, where k is an odd integer. Then f(x) = xq + x
q+5
2 (q−1)+1 − x q+12 (q−1)+1 is a
permutation trinomial over Fq2 .
Proof: According to Lemma 2, it is sufficient to prove that g4(x) = x(x + x
q+5
2 − x q+12 )q−1 permutes
µq+1. Note that
g4(x) = x(x + x
q+5
2 − x q+12 )q−1 = xx
−1 + x−
q+1
2 −2 − x− q+12
x+ x
q+1
2 +2 − x q+12
= x
x−1 + x
q+1
2 −2 − x q+12
x+ x−
q+1
2 +2 − x− q+12
= x
x−1 + x
q+1
2 −2 − x q+12
x(1 + x−
q+1
2 +1 − x− q+32 )
=
1 + x
q+1
2 −1 − x q+32
x(1 + x−
q+1
2 +1 − x− q+32 )
=
1
g3(x)
,
where the third equal sign holds due to x−
q+1
2 = x
q+1
2 . By Theorem 2, g3(x) permutes µq+1 if k is odd.
This completes the proof. 
Theorem 3 Let q = 5k, where k is odd. Then the following trinomials permute Fq2 :
1) x− x (q+3)(q−1)2 +1 + xq(q−1)+1, and
2) xq − x q+12 (q−1)+1 + x2(q−1)+1.
Proof: 1) According to Lemma 2, we only need to show that g5(x) = x(1−x q+32 +x−1)q−1 permutes
µq+1.
Suppose that x ∈ Ω+, i.e., x q+12 = 1, then g5(x) = x(1 − x q+32 + x−1)q−1 = x(1 − x + x−1)q−1 =
x · 1−x−1+x1−x+x−1 due to 1− x+ x−1 6= 0 for x ∈ Ω+. Otherwise, we have x(1− x+ x−1) = −(x2 − x− 1) =
−(x + 2)2 = 0, i.e., x = −2, a contradiction with −2 /∈ Ω+. Therefore g5(x) = x · 1−x−1+x1−x+x−1 =
−x · x2+x−1x2−x−1 = −x(x−2x+2 )2. By Lemma 4, g5(x) permutes Ω+.
Suppose that x ∈ Ω−, i.e., x q+12 = −1, then g5(x) = x(1 − x q+32 + x−1)q−1 = x(1 + x + x−1)q−1 =
x · 1+x−1+x1+x+x−1 = x due to 1+x+x−1 6= 0 for x ∈ Ω−. Otherwise, we have x(1+x+x−1) = x2+x+1 = 0,
then (x − 1)(x2 + x + 1) = x3 − 1 = 0 for some x = −y2 ∈ Ω−, where y ∈ µq+1. Thus, y6 = −1 and
y12 = 1, together with yq+1 = 1 and gcd(q + 1, 12) | 6, we have y6 = 1, a contradiction. Therefore,
g5(x) = x permutes Ω−.
Based on the above analysis, we conclude that g5(x) = x(1 − x q+32 + x−1)q−1 = x · 1−x
−
q+3
2 +x
1−x
q+3
2 +x−1
permutes µq+1.
2) By Lemma 2, we only need to show that g6(x) = x(x − x q+12 + x2)q−1 permutes µq+1. Since
x
q+1
2 = x−
q+1
2 , we have
g6(x) = x · x
−1 − x− q+12 + x−2
x− x q+12 + x2
= x · x
−1 − x q+12 + x−2
x− x− q+12 + x2
=
1− x q+32 + x−1
x(1− x− q+32 + x)
=
1
g5(x)
Therefore, g6(x) permutes µq+1. 
Similar as the proof of Theorem 3, we have
Theorem 4 Let q = 5k, where k is odd. Then the following two trinomials permute Fq2 :
1) x− xs(q−1)+1 + xt(q−1)+1, where s = q+32 and t = q+52 , and
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2) xq − xs(q−1)+1 + xt(q−1)+1, where s = q+12 and t = q−12 .
Lemma 5 Let q = 5k, where k is even. Let f(x) = −x(x−2x+2 )2 and g(x) = −x(x+2x−2 )2. Then f(x)
permutes Ω− and g(x) permutes Ω+.
Proof: In the following we will prove that g(x) permutes Ω+. Then f(x) permutes Ω− can be proved
similarly. Obviously, if x ∈ Ω+, then (−x(x+2x−2)2)
q+1
2 = −(x+2x−2 )q+1 = −(x+2x−2 )q · x+2x−2 = −x
−1+2
x−1−2 · x+2x−2 = 1,
which shows that −x(x+2x−2 )2 ∈ Ω+, i.e., {−x(x+2x−2 )2 | x ∈ Ω+} ⊆ Ω+.
Suppose that there exist two different elements x1 = y
2
1 , x2 = y
2
2 ∈ Ω+ such that −x1(x1+2x1−2 )2 =
−x2(x2+2x2−2 )2. Then y1(
y21+2
y21−2
) = ±y2(y
2
2+2
y22−2
). Let y2 = uy1 for some u ∈ µq+1.
1) If y1(
y21+2
y21−2
) = y2(
y22+2
y22−2
), then (4y51 + 2y
3
1)u
3 + (y51 + 2y
3
1)u
2 + (3y31 + 4y1)u+ 3y
3
1 + y1 = 0, i.e.,
−y1(u− 1)((y41 − 2y21)u2 + y21u− 2y21 + 1) = 0.
Since y1 6= 0, then u = 1 or (y41 − 2y21)u2 + y21u− 2y21 +1 = 0. Suppose that (y41 − 2y21)u2 + y21u−
2y21 + 1 = 0. Notice that the discriminant of (y
4
1 − 2y21)u2 + y21u− 2y21 + 1 is ∆ = −2y21(y21 + 1)2,
then
u =
−y21 ± 2
√
2y1(y
2
1 + 1)
2y21(y
2
1 − 2)
.
Since q = 5k and k is even, we have (
√
2)q−1 = 2
q−1
2 = (−1) 5
k
−1
5−1 = 1. Thus
√
2
q
=
√
2. By
uq+1 = (
−y21±2
√
2y1(y
2
1+1)
2y21(y
2
1−2)
)q+1 = 1, we have
(
−y21 ± 2
√
2y1(y
2
1 + 1)
2y21(y
2
1 − 2)
)q+1 = (
−y21 ± 2
√
2y1(y
2
1 + 1)
2y21(y
2
1 − 2)
)q(
−y21 ± 2
√
2y1(y
2
1 + 1)
2y21(y
2
1 − 2)
)
= (
−y−21 ± 2
√
2y−11 (y
−2
1 + 1)
2y−21 (y
−2
1 − 2)
)(
−y21 ± 2
√
2y1(y
2
1 + 1)
2y21(y
2
1 − 2)
) = 1
then it follows that
(y21 + 1)
2 = ∓
√
2y1(y
2
1 + 1). (4)
If y21 = −1, then u = −y
2
1±2
√
2y1(y
2
1+1)
2y21(y
2
1−2)
= 1. Otherwise, take the 2-th power on both sides of (4),
we have y41 = −1, i.e., x1 = y21 = ±2, which is a contradiction since ±2 /∈ µq+1. As a result,
u = 1, i.e., x1 = x2.
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2) If y1(
y21+2
y21−2
) = −y2(y
2
2+2
y22−2
), then (y51 + 3y
3
1)u
3 + (y51 + 2y
3
1)u
2 + (2y31 + y1)u + 3y
3
1 + y1 = 0, i.e.,
y1(u+ 1)((y
4
1 − 2y21)u2 − y21u− 2y21 + 1) = 0.
Since y1 6= 0, then u = −1 or (y41− 2y21)u2− y21u− 2y21 +1 = 0. Suppose that (y41 − 2y21)u2− y21u−
2y21 + 1 = 0. Notice that the discriminant of (y
4
1 − 2y21)u2 − y21u− 2y21 + 1 is ∆ = −2y21(y21 + 1)2,
then
u =
y21 ± 2
√
2y1(y
2
1 + 1)
2y21(y
2
1 − 2)
.
Similar as in Case 1), we have
(y21 + 1)
2 = ±
√
2y1(y
2
1 + 1).
If y21 = −1, then u = y
2
1±2
√
2y1(y
2
1+1)
2y21(y
2
1−2)
= −1. Otherwise, take the 2-th power on both sides of
(y21+1) = ±
√
2y1, we have y
4
1 = −1, i.e., x1 = y21 = ±2, which is a contradiction since ±2 /∈ µq+1.
As a result, u = −1, i.e., y1 = −y2 and x1 = x2.
Therefore, −x(x+2x−2)2 permutes Ω+. 
Theorem 5 Let q = 5k, where k is even. Then the following two trinomials permute Fq2 :
1) x− x2(q−1)+1 + x (q+3)(q−1)2 +1, and
2) xq − xq2−q+1 + x q+12 (q−1)+1.
Proof: 1) According to Lemma 2, we only need to show that g7(x) = x(1− x2 + x q+32 )q−1 permutes
µq+1. First we show that 1 − x2 + x q+32 = 1 − x2 ± x 6= 0 for any x ∈ µq+1. Otherwise, 1 − x2 ± x =
−(x± 2)2 = 0, i.e., x = ∓2, a contradiction with ±2 /∈ µq+1.
Suppose that x ∈ Ω+, i.e., x q+12 = 1, then
g7(x) = x(1− x2 + x
q+3
2 )q−1 = x(1 − x2 + x)q−1
= x · 1− x
−2 + x−1
1− x2 + x = −x
−1 · x
2 + x− 1
x2 − x− 1 = −x
−1(
x− 2
x+ 2
)2,
thus g7(x) permutes Ω+ by Lemma 5.
Suppose that x ∈ Ω−, i.e., x q+12 = −1, then
g7(x) = x(1− x2 + x
q+3
2 )q−1 = x(1 − x2 − x)q−1
= x · 1− x
−2 − x−1
1− x2 − x = −x
−1 · x
2 − x− 1
x2 + x− 1 = −x
−1(
x+ 2
x− 2)
2.
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Again by Lemma 5, g7(x) permutes Ω−.
Based on the above analysis, we conclude that g7(x) = x(1 − x2 + x q+32 )q−1 = x · 1−x−2+x
−
q+3
2
1−x2+x
q+3
2
permutes µq+1.
2) By Lemma 2, we only need to show that g8(x) = x(x − x−1 + x q+12 )q−1 permutes µq+1. Since
x
q+1
2 = x−
q+1
2 , we have
g8(x) = x · x
−1 − x+ x q+12
x− x−1 + x q+12
=
1− x2 + x q+32
x− x−1 + x q+12
=
1− x2 + x q+32
x(1 − x−2 + x q+12 −1)
=
1− x2 + x q+32
x(1 − x−2 + x− q+12 −1)
=
1
g7(x)
Therefore, g8(x) permutes µq+1. 
Theorem 6 Let q = 5k, where k is even. Let s = 1 and t = q−12 . Then x + x
s(q−1)+1 − xt(q−1)+1
permutes Fq2 .
Proof: According to Lemma 2, it is sufficient to prove that g9(x) = x(1 + x
s − xt)q−1 permutes µq+1.
First we show that 1 + xs − xt 6= 0 for any x ∈ µq+1.
Suppose that 1 + xs − xt = 1+ x− x q−12 = 0 for some x ∈ µq+1, then x+ x2 − x q+12 = 0. Note that
x
q+1
2 = ±1. Thus x+x2±1 = 0. If x+x2−1 = (x−2)2 = 0, then x = 2, a contradiction with x ∈ µq+1
since 2 /∈ µq+1. If x+ x2 + 1 = 0, then x3 = 1. Together with xq+1 = 1 and gcd(3, q + 1) = 1 due to k
is even, we have x = 1, then we have 0 = x+ x2 + 1 = 3, a contradiction. Therefore, 1 + x− x q−12 6= 0
for any x ∈ µq+1.
Then we have
g9(x) = x(1 + x− x
q−1
2 )q−1 = x
(1 + x− x q−12 )q
1 + x− x q−12
=
x(1 + x−1 − x− q−12 )
1 + x− x q−12
=
x2(x−1 + x−2 − x− q+12 )
1 + x− x−1 · x q+12
.
If x ∈ Ω−, i.e., x q+12 = −1, then x(1 + x − x q−12 )q−1 = x
2(x−1+x−2−x−
q+1
2 )
1+x−x−1·x
q+1
2
= x
2(x−1+x−2+1)
1+x+x−1 = x
permutes Ω−.
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If x ∈ Ω+, i.e., x q+12 = 1, then by Lemma 5, x(1 + x − x q−12 )q−1 = x
2(x−1+x−2−x−
q+1
2 )
1+x−x−1·x
q+1
2
=
x2(x−1+x−2−1)
1+x−x−1 = −x(x+2x−2)2 permutes Ω+. Then g9(x) = x(1 + x − x
q−1
2 )q−1 permutes µq+1 due to
Ω+
⋃
Ω− = µq+1 and Ω+
⋂
Ω− = ∅. This completes the proof. 
Similar as the proof of Theorem 6, by using Lemma 5, we can construct the following permutation
trinomials over F5n .
Theorem 7 Let q = 5k, where k is even. Then the following trinomials permute Fq2 :
1) x− xq + x q+52 ·(q−1)+1,
2) x+ x
q+3
2 ·(q−1)+1 + x
q+5
2 ·(q−1)+1, and
3) x+ x
q+3
2 ·(q−1)+1 − xq2−q+1.
It is known that the inverse of a Niho exponent, if exists, is again a Niho exponent, and the product
of two Niho exponents is still a Niho exponent [3]. Similar as Lemma 4 in [12], we have the following
lemma.
Lemma 6 Let q = pk, where p is a prime and k is an integer.
1) Suppose that f(x) = x(1+xi+xj)q−1 permutes µq+1. If gcd(2i−1, q+1) = 1, then x(1+xs+xt)q−1
permutes µq+1, where s =
i
2i−1 and t =
i−j
2i−1 .
2) Suppose that f(x) = x(1+xi−xj)q−1 permutes µq+1. If gcd(2i−1, q+1) = 1, then x(1+xs−xt)q−1
permutes µq+1, where s =
i
2i−1 and t =
i−j
2i−1 ; if gcd(2j − 1, q + 1) = 1, then x(1 − xs − xt)q−1
permutes µq+1, where s =
j
2j−1 and t =
j−i
2j−1 .
3) Suppose that f(x) = x(1−xi−xj)q−1 permutes µq+1. If gcd(2i−1, q+1) = 1, then x(1−xs+xt)q−1
permutes µq+1, where s =
i
2i−1 and t =
i−j
2i−1 .
The integers s and t written as fractions in Lemma 6 should be interpreted as modulo pk + 1. Based
on Lemma 6, one can obtain lots of permutation trinomials over F5n from the permutation trinomials
constructed in this section.
In Table 1, we list all the permutation trinomials of the form (1) constructed in this paper. We
denote by (±[c1],±[c2]) the permutation trinomial f(x) = x± xc1(5k−1)+1 ± xc2(5k−1)+1. For example,
the pair (+[1],−[ 5k−12 ]) means the trinomial x + x5
k − x 5
k
−1
2 (5
k−1)+1. The “Equivalent Pairs” column
in Table 1 are obtained based on Lemma 6.
To end this section, we propose two conjectures. If the conjectures are true, then we can construct
two classes of permutation trinomials over F5n .
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Table 1: Pairs (±[c1],±[c2]) such that f(x) defined by (1) are permutation trinomials over Fq2 (q = 5k)
(±[c1],±[c2]) g(x) Conditions Equivalent Pairs Proven in
(+[ q+3
4
],−[ q+3
2
]) −x
q+1
2 (x
s−2
xs+2
)2 (s = q+3
4
) for all k (−[ q+3
4
],−[ q+3
2
]) Theorem 1
(+[ q−1
2
],−[ q+3
2
]) −x(x
q+3
2 −x
q−1
2 +1)
x
q+3
2 −x
q−1
2 −1
k odd (−[2],−[ q+3
2
]) Theorem 2
(+[−1],−[ q+3
2
]) x
2(x
q−1
2 −x−1)
x
q+5
2 −x−1
k odd (−[ q+3
2
],−[ q+5
2
]) Theorem 3
(−[ q+3
2
],+[ q+5
2
]) −x(x
q−1
2 −x
q−3
2 −1)
x
q+5
2 −x
q+3
2 +1
k odd (−[−1],−[ q+3
2
]) Theorem 4
(−[2],+[ q+3
2
]) x
q+3
2 +x2−1
x(x
q+3
2 −x2+1)
k even (+[ q+3
2
],−[ q−1
2
]), Theorem 5
(−[2 · q+2
3
],−[ q+2
3
·
q+3
2
])
(+[1],−[ q−1
2
]) x
q+5
2 −x−1
x
q−1
2 −x−1
k even (+[1],−[ q+5
2
]), Theorem 6
(−[ q+2
3
·
q+5
2
],−[ q+2
3
·
q+3
2
])
(−[1],+[ q+5
2
]) x
q−1
2 +x−1
x
q+5
2 −x+1
k even (−[1],−[ q−1
2
]), Theorem 7
(+[ q+2
3
·
q+5
2
],−[ q+2
3
·
q+3
2
])
(+[ q+3
2
],+[ q+5
2
]) x
q+1
2 +x
q−1
2 +x
x
q+5
2 +x
q+3
2 +1
k even (+[ q+3
2
],+[−1]), Theorem 7
(+[ q+2
3
·
q+5
2
],+[ q+2
3
])
(+[ q+3
2
],−[−1]) x
2(x
q−1
2 −x+1)
x
q+5
2 +x−1
k even (+[ q+3
2
],−[ q+5
2
]), Theorem 7
(−[ q+2
3
·
q+5
2
],−[ q+2
3
])
(+[2],−[−2]) −x( x
2+2
x2−2
)2 k odd (−[−2 · 5k−1],−[−4 · 5k−1]) Proposition 1
(−[ q+5
3
],−[ 2(q+2)
3
]) −x(x
2−2
x2+2
)2 k even (+[−2 · 5k−1],−[−4 · 5k−1]) Proposition 2
Conjecture 1 The polynomial x(x
2−x+2
x2+x+2 )
2 is a permutation polynomial over F5k for odd k.
Remark 1 Let Λ1 = {x2 | x ∈ F∗5k} and Λ2 = {2x2 | x ∈ F∗5k}, where k is odd. Note that F∗5k = Λ1
⋃
Λ2
and Λ1
⋂
Λ2 = ∅. Obviously, {x(x2−x+2x2+x+2 )2 | x ∈ Λ1} ⊆ Λ1 and {x(x
2−x+2
x2+x+2 )
2 | x ∈ Λ2} ⊆ Λ2. Thus, to
prove Conjecture 1 is equivalent to prove that {x(x2−x+2x2+x+2 )2 | x ∈ Λ1} ⊇ Λ1.
Proposition 1 Let n = 2k, where k is an odd integer. Let q = 5k. If Conjecture 1 is true, then
f(x) = x+ x2(q−1)+1 − x(q−1)(q−1)+1 permutes Fq2 .
Proof: First it is easy to show that if x ∈ F5n \ F5k , then f(x) = x + x2q−1 − x3−2q ∈ F5n \ F5k .
Otherwise, if there exists x1 ∈ F5n \ F5k such that f(x1) ∈ Fq, then f(x1) = f(x1)q, i.e.,
x1 + x
2q−1
1 − x3−2q1 = xq1 + x2−q1 − x3q−21 .
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Let y = xq−11 , we get 1 + y
2 − y−2 = y + y−1 − y3, thus,
y5 + y4 − y3 + y2 − y − 1 = (y − 1)(y4 + 2y3 + y2 + 2y + 1) = 0.
Suppose that y4+2y3+y2+2y+1 = 0, then the order of y is 13, thus 13 | (q+1), which is a contradiction
with gcd(13, q + 1) = 1 due to k is odd. Therefore, we have y = 1, i.e., x1 ∈ Fq, a contradiction.
In the following we show that f(x) = c has at most one solution for any c ∈ Fq2 .
If c ∈ Fq, then x ∈ Fq, thus we have f(x) = x = c. Therefore, x = c is the only solution of f(x) = c.
If c ∈ Fq2 \ Fq, then x ∈ Fq2 \ Fq, and it follows that N(x) 6= 0. We compute
Tr(f(x)) = Tr(x+ x2q−1 − x−2q+3)
= Tr(x) + (x2q−1 + x2−q)− (x−2q+3 + x−2+3q)
= Tr(x) +
x3 + x3q
xq+1
− x
5 + x5q
x2+2q
= Tr(x) +
Tr(x3)
N(x)
− Tr
5(x)
N2(x)
,
and
N(f(x)) = N(x + x2q−1 − x−2q+3)
= (x + x2q−1 − x−2q+3)(xq + x2−q − x−2+3q)
= 3x1+q − (x5q−3 + x5−3q)
= 3N(x) − x
8q + x8
x3q+3
= 3N(x) − Tr(x
8)
N3(x)
Denote a = Tr(x), b = N(x), α = Tr(f(x)), and β = N(f(x)). According to Lemma 1, we have
α = Tr(f(x)) = Tr(x) +
Tr(x3)
N(x)
− Tr
5(x)
N2(x)
= a+
a3 + 2ba
b
− a
5
b2
,
= a(3 +
a2
b
− a
4
b2
), (5)
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and
β = N((x)) = 3N(x) − Tr(x
8)
N3(x)
= 3b− a
8 + 2ba6 − b3a2 + 2b4
b3
= b(1− a
8
b4
− 2 · a
6
b3
+
a2
b
) (6)
Denote γ = α
2
β , then by (5) and (6), we have γ = −r( r
2−r+2
r2+r+2 )
2, where r = a
2
b . If Conjecture 1 is
true, we know that r is uniquely determined by γ, thus r is uniquely determined by c. From (5) and
(6), it follows that a = Tr(x) and b = N(x) are uniquely determined by c. This completes the proof
since (x, xq) is uniquely determined by a = Tr(x) and b = N(x), and f(x) 6= f(x)q = f(xq). 
Remark 2 By Lemma 2, for odd k, f(x) = x+ x2(q−1)+1 − x(q−1)(q−1)+1 permutes Fq2 if and only if
g(x) = x(1 + x2 − x−2)q−1 = x · 1+x−2−x21+x2−x−2 = −x(x
2+2
x2−2 )
2 permutes µq+1. Thus, if Conjecture 1 is true,
then −x(x2+2x2−2 )2 permutes µq+1.
Conjecture 2 Let q = 5k, where k is an even integer. Then −x(x2−2x2+2 )2 permutes µq+1.
Proposition 2 Let n = 2k, where k is an even integer. Let q = 5k. If Conjecture 2 is true, then
f(x) = x− xs(q−1)+1 − xt(q−1)+1 permutes Fq2 , where s = q+23 + 1 and t = 2 · q+23 .
Proof: According to Lemma 2, we only need to prove that g10(x) = x(1 − xs − xt)q−1 permutes
µq+1, which is equivalent to showing g10(x
3) = x3(1 − x3s − x3t)q−1 = x3(1 − xq+2+3 − x2(q+2))q−1 =
x3(1− x4 − x2)q−1 permutes µq+1 due to gcd(3, q+1) = 1. Notice that g10(x3) = x3(1− x4 − x2)q−1 =
x3 · 1−x−2−x−41−x2−x4 = −x−1 x
4−x2−1
x4+x2−1 = −x−1 · (x
2+2
x2−2 )
2. Therefore, if Conjecture 2 is true, f(x) = x −
xs(q−1)+1 − xt(q−1)+1 permutes Fq2 . 
4 Conclusion
In this paper, we find some new fractional polynomials that permute the set of the (q + 1)-th roots
of unity in Fq2 , where q = 5
k. Based on these fractional polynomials, we construct several classes
permutation trinomials over F52k . Two conjectures are proposed, and two new classes of permutation
trinomials over F52k will be obtained if the two conjectures are true. At the end of this paper, we
propose two problems about the permutation trinomials with the form (1), it will be nicer if they can
be solved.
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Problem 1: Let s + t = 0 or s + t = 5
k+1
2 . Under what conditions for s is the polynomial x +
xs(5
k−1)+1 − xt(5k−1)+1 a permutation trinomial over F52k?
Problem 2: Let s+t = 5
k+1
2 . Under what conditions for s is the polynomial x+x
s(5k−1)+1+xt(5
k−1)+1
a permutation trinomial over F52k?
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